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Abstract
We consider the set Gn,k of graphs of order n with the chromatic number k ≥ 2. In this note, we prove that in Gn,k the Tura´n
graph Tn,k has the maximal spectral radius; and Pn if k = 2, Cn if k = 3 and n is odd, C1n−1 if k = 3 and n is even, K (l)k if k ≥ 4
has the minimal spectral radius. Thus we answer a problem raised by Cao [D.S. Cao, Index function of graphs, J. East China Norm.
Univ. Sci. Ed. 4 (1987) 1–8 (in Chinese). MR89m:05084] and Hong [Y. Hong, Bounds of eigenvalues of graphs, Discrete Math.
123 (1993) 65–74] in the affirmative.
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1. Introduction
In this note, we consider undirected simple connected graphs. Let G be a graph with vertex set V (G) and edge
set E(G). The eigenvalues of G are the eigenvalues of its adjacency matrix A(G). The largest eigenvalue of A(G) is
called the spectral radius of G, denoted by ρ(G). In general, the spectral radius ρ(A) of a nonnegative matrix A is
the largest norm of its eigenvalues. We refer the reader to [3] for more details in spectral graph theory.
The chromatic number χ(G) of a graph G is the minimum number of colors such that G can be colored in a way
such that no two adjacent vertices have the same color. The classical result of Brooks [2] said that χ(G) ≤ Δ(G) + 1
with equality if and only if G is an odd cycle or a complete graph. Wilf [11] and Cao [5] further improved this result
by using the spectral radius of a graph.
Let Gn,k be the set of connected graphs of order n with chromatic number k ≥ 2. We define the following two
functions on the spectral radius:
r(Gn,k) = min{ρ(G)|G ∈ Gn,k},
R(Gn,k) = max{ρ(G)|G ∈ Gn,k}.
A natural question to ask is: for the given set Gn,k , how do we describe the graphs that attain the above two numbers?
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First, Cao [6] gave some partial results on r(Gn,k) and conjectured that r(Gn,k) = ρ(K (l)k ) if the chromatic number
k is large enough and k + l = n, where K (l)k is obtained by joining a path of order l to the complete graph Kk . Further,
Hong ([8] problem 2) posed the following problem: Let G be a connected graph with n vertices and chromatic number
k; we already know that k − 1 ≤ ρ(G) ≤ n(k−1)k . What is the best possible lower bound?
In this note, we investigate the above two problems. In Section 2, we prove that R(Gn,k) = ρ(Tn,k), where Tn,k is
the Tura´n graph with k parts whose partition sets differ in size by at most one. We also determine r(Gn,k) completely
in Section 3.
2. To determine R(Gn,k)
Let G be a graph of order n with χ(G) = k ≥ 2. From the definition, G has k color classes and each is an
independent set. Suppose the k classes have orders n1 ≥ n2 ≥ · · · ≥ nk . Since the addition of edges will increase
the spectral radius, the graphs which achieve R(Gn,k) must be complete k-partite graphs. Next we prove that of all the
complete k-partite graphs, the Tura´n graph Tn,k has maximal spectral radius.
Theorem 2.1. Let G be a complete k-partite graph of order n. The numbers of the vertices of the k parts are ordered
as n1 ≥ n2 ≥ · · · ≥ nk. Then ρ(G) ≤ ρ(Tn,k) with equality if and only if G = Tn,k .
Proof. The characteristic polynomial of G (see [3, p. 74]) is
λn−k
(
1 −
k∑
i=1
ni
λ + ni
)
k∏
i=1
(λ + ni ).
Obviously, its largest root is the unique positive solution of
1 −
k∑
i=1
ni
λ + ni = 0. (*)
We claim that if n1 − nk ≥ 2, then ρ(G) < ρ(Tn,k). Consider the following equation:
f (δ, λ) = 1 − n1 − δ
λ + n1 − δ −
k−1∑
i=2
ni
λ + ni −
nk + δ
λ + nk + δ ,
where 0 ≤ δ ≤ n1−nk2 is an integer. So f (0, ρ(G)) = 0. Taking the derivative with respect to δ, we have, for λ > 0,
d f (δ, λ)
dδ
= λ
(λ + n1 − δ)2 −
λ
(λ + nk + δ)2 < 0.
Hence f (δ, λ) is decreasing with respect to δ for λ > 0. Thus f (1, ρ(G)) < 0. This means that if we increase nk
by one and decrease n1 by one in G, the spectral radius will increase. So we complete the proof. 
Hence, we may present the main result in this section.
Theorem 2.2. Tn,k is the only graph that attains R(Gn,k).
Corollary 2.3. Let Tn,k be a Tura´n graph with α (0 ≤ α < k) parts of size d + 1 and k − α parts of size d, Then
ρ(Tn,k) = 12
(
n − 2d − 1 +
√
(n + 1)2 − 4α(d + 1)
)
≤ n − d
with the last equality if and only if Tn,k is regular.
Proof. From Eq. (*) in Theorem 2.1, ρ(Tn,k) satisfies
α(d + 1)
λ + d + 1 +
d(k − α)
λ + d = 1.
Note that n = dk + α, we have
λ2 − (n − 2d − 1)λ − (n − d − α)(d + 1) = 0,
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Fig. 1. The tree Wn(n ≥ 7).
which implies the result. The last equality holds if and only if α = 0 since ρ(Tn,k) is a strictly decreasing function
with respect to α. 
By Theorem 2.1 and Corollary 2.3, we get the main result in [7], and the equality case is given as well.
Corollary 2.4. Let G be a connected graph of order n and chromatic number k. Then ρ(G) ≤ n(1 − 1k ) with equality
if and only if G is a regular Tura´n graph.
3. To determine r(Gn,k)
We consider the graph Guv obtained from the connected graph G by subdividing the edge uv, that is, by replacing
uv with edges uw, vw where w is an additional vertex. We call the following two types of paths internal paths:
(a) a sequence of vertices v0, v1, . . . , vk+1 (k ≥ 2) where v0, v1, . . . , vk are distinct, vk+1 = v0 of degree at least
3, dvi = 2 for i = 1, . . . , k, and vi−1 and vi (i = 1, . . . , k + 1) are adjacent. (b) A sequence of distinct vertices
v0, v1, . . . , vk+1 (k ≥ 0) such that vi−1 and vi (i = 1, . . . , k + 1) are adjacent, dv0 ≥ 3, dvk+1 ≥ 3 and dvi = 2
whenever 1 ≤ i ≤ k.
Lemma 3.1 ([4]). If uv lies on an internal path of the connected graph G and G = Wn (see Fig. 1), then
ρ(Guv) < ρ(G).
Lemma 3.2 ([10]). Suppose G is a nontrivial simple connected graph. Let u, v be two vertices at distance not greater
than one, i.e., u, v are adjacent or identical. For nonnegative integers k, l, let G(k, l) denote the graph obtained from
G by adding pendant paths of length k and l at u, v, respectively. If k ≥ l ≥ 1, then
ρ(G(k, l)) > ρ(G(k + 1, l − 1)).
A graph G is said to be k-critical if χ(G) = k and χ(G − u) = k − 1 for every u ∈ V (G). It is well known that
(see [1]) every k-chromatic graph contains a k-critical subgraph.
Lemma 3.3 ([9]). Suppose χ(G) = k ≥ 4. Let G be a k-critical graph on more than k vertices (so G = Kk). Then
|E(G)| ≥
(
k − 1
2
+ k − 3
2(k2 − 2k − 1)
)
|V (G)|.
Lemma 3.4 ([6]). The spectral radius of K (l)k , k ≥ 4, satisfies
k − 1 ≤ ρ(K (l)k ) <
1
2
(
k − 3 +
√
(k + 1)2 + 4
k − 2
)
.
Proof. We present a proof here for completeness. Since K (l)k contains Kk as a subgraph, the left hand side of the above
inequality is obvious. In the following, we denote the characteristic polynomial of Pl , the path on l vertices, by fl(λ).
Then
P(K (l)k , λ) = (λ − k + 1)(λ + 1)k−1 fl (λ) − (λ − k + 2)(λ + 1)k−2 fl−1(λ)
= (λ + 1)k−2[(λ − k + 1)(λ + 1) fl(λ) − (λ − k + 2) fl−1(λ)]
= (λ + 1)k−2[λ(λ − k + 2) fl(λ) − (k − 1) fl(λ) − (λ − k + 2) fl−1(λ)]
= (λ + 1)k−2[(λ − k + 2)(λ fl(λ) − fl−1(λ)) − (k − 1) fl(λ)]
= (λ + 1)k−2[(λ − k + 2) fl+1(λ) − (k − 1) fl(λ)].
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Since fl+1(λ) = λ fl(λ) − fl−1(λ), by the induction hypothesis, the sequence fl+1(λ)fl (λ) is strictly decreasing and
fl+1(λ)
fl(λ) >
λ + √λ2 − 4
2
.
Hence
P(K (l)k , λ) > (λ + 1)k−2 fl(λ)g(λ),
where g(λ) = (λ − k + 2) λ+
√
λ2−4
2 − k + 1. Obviously, g(λ) is an increasing function with respect to λ. Solving the
equation g(λ) = 0, we have that its largest root is
λ0 = 12
(
k − 3 +
√
(k + 1)2 + 4
k − 2
)
> 3.
If λ > λ0, P(K (l)k , λ) > 0 and ρ(K
(l)
k ) < λ0. We complete the proof. 
We now can present the main result in this section.
Theorem 3.5. (1) If k = 2, then Pn is the only graph in Gn,k that attains r(Gn,k).
(2.1) If k = 3 and n is odd, then Cn is the only graph in Gn,k that attains r(Gn,k).
(2.2) If k = 3 and n is even, then C1n−1 is the only graph in Gn,k that attains r(Gn,k), where C1n−1 is obtained from
the cycle Cn−1 by adding one pendent vertex.
(3) If k ≥ 4, then K (l)k is the only graph in Gn,k that attains r(Gn,k).
Proof. Let G be a connected graph of order n with chromatic number k.
(1) It is easy to see that (1) holds (for example, [3, p. 78]).
(2) If k = 3, then G must contain an odd cycle Ch as a 3-critical subgraph for odd integer h. By Lemma 3.1, we
have
ρ(C13 ) > ρ(C
1
4 ) > · · · > ρ(C1n−1).
If n is odd and h = n, the result holds. If n is odd and h < n, then G contains C1h as a subgraph since G is connected.
So we have
ρ(G) ≥ ρ(C1h ) ≥ ρ(C1n−1) > ρ(C1n ) > ρ(Cn).
If n is even and h < n, by a similar argument, we have
ρ(G) ≥ ρ(C1h ) ≥ ρ(C1n−1).
(3) If k ≥ 4, we discuss the following two cases.
(a) If G does not contain Kk as a subgraph, we assume that G contains a k-critical subgraph H ; then ρ(G) ≥ ρ(H ).
Since ρ(H ) ≥ 2|E(H)||V (H)| , and in view of Lemma 3.3, we have
ρ(G) ≥ ρ(H ) ≥ k − 1 + k − 3
k2 − 2k − 1 .
It is easy to see that
k − 1 + k − 3
k2 − 2k − 1 >
1
2
(
k − 3 +
√
(k + 1)2 + 4
k − 2
)
.
Hence Lemma 3.4 implies ρ(G) > ρ(K (l)k ).
(b) If G contains Kk as a subgraph, then by repeated use of Lemma 3.2, we can get the result directly.
Combining the above two cases, we complete the proof of (3). 
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